Abstract: This paper studies service availability and transportation performance measures considering a service system with two delivery time-window options. The performance measures are examined through a simulation analysis comparing inventory sharing and non-sharing scenarios under a centralised and a decentralised setup of service facilities. The analysis considers varying demand composition in terms of demand percentages of different service time options. Unlike the existing work in this area, the paper takes into account the spatial factor and argues that considering a uniform cost of alternate shipments may not be appropriate. The analysis highlights that there might be instances where introducing inventory sharing does not implicate an inventory-transportation performance trade off.
Introduction
It has now been known for long that buyers of high investment equipment do not want to take their chances with their purchases. They expect a range of after sales services from installations to upgrades. One of the forms of after sales service is to provide service parts at customer sites within different contracted time windows as per different service requirements. Commonly offered by large-scale IT sector companies, such services are facilitated by service parts logistics (SPL) systems through a network of parts stocking facilities.
SPL is a well-researched area in management science with studies mainly employing quantitative modelling for service parts inventory management. Within this area, there is a significant stream of research focusing on inventory sharing, such that if there is a stock-out at a facility when a customer requests a part, the required part is transshipped to the out-of-stock facility from another facility in the system. This risk sharing mechanism allows reduction in the overall inventory levels. It is a common assumption in the existing models that the transportation cost for an alternate supply due to a stock-out is higher and fixed. Hence, an inventory and transportation cost trade-off is directly forced in the models. This paper essentially questions this assumption within a setting where different customers have different service time requirements, and, due to the service time constraints, customers are directly served by an alternate source rather than through transshipment at the facility that originally received the request. The effect of inventory sharing on service cost related performance under a centralised and a decentralised distribution setup is investigated over changes in demand fractions for different time-based service types. The objective is to understand the trade-off between inventory and transportation performance, which is as such not explicitly explored in the existing SPL literature.
The existing service logistics literature can also be criticised for overlooking the spatial factor. As noted by Yang et al. (2013) , though the transshipment time for service parts is not negligible, this aspect is hardly considered. Besides, studies considering time-based service differentiation consider customer waiting-times at warehouses, i.e., not at customer sites. The traveling distance and time to reach customers, however, can be an important factor when service times are short, e.g., typically few hours for IT equipment support services. Unlike the existing studies, the paper only considers inventory sharing if an alternate supply can be made to the requesting customer site within the required service time window.
The investigation is based on stylised settings in a Cartesian system and employs a discrete event simulation model. However, several of the characteristics incorporated in the stylised model are influenced by the study of the SPL systems of IBM and Fujitsu in the UK. The service availability level within the requested service time window and the average service distance are studied as the system's performance measures. The Simulations under the decentralised setup confirm that inventory sharing among facilities positively impacts the service availability level but increases the transportation cost. A higher fraction of demand for the service in the longer time window increases the inventory sharing opportunity. This, in turn, increases the service availability levels (which may allow stock reductions) and the average distance to serve a demand. The case of inventory sharing under the centralised setup is interesting as there are instances that do not reveal a trade-off between the service availability and average service distance performances. Under the centralised setup, sharing can result in both higher service availability and lower average service distance, particularly when the demand fraction for the service in the longer time window is high.
The rest of the paper is organised as follows. Section 2 provides a brief literature review focusing on the studies considering inventory sharing in the context of SPL. Section 3 provides a formal description of the distribution system, the distribution strategies studied, and the performance measures. Sections 4 and 5 present the simulation model and analysis respectively. The paper concludes in Section 6.
Literature review
A considerable amount of research has been conducted on service parts inventory management specifically considering lateral transshipments or inventory sharing. Lateral transshipments allow members of an inventory system to pool their inventories, which can allow them to lower inventory levels and costs whilst still achieving the required service levels. Paterson et al. (2011) provide a comprehensive review of the literature on inventory sharing in general. Patriarca et al. (2016) outline the more recent developments in the area. The earliest service parts inventory sharing study reported by Paterson et al. (2011) is Lee (1987) . Grounded on a basic model for repairable service parts, Lee's study shows that lateral transshipment results in savings due to less stock being needed at the stock bases for a service availability level. A number of studies then extend these findings by relaxing the assumptions of the basic model by using un-identical locations, a different demand process, a different order policy, or by considering echelons. Other extensions in this area are brought by considering transshipments in determining the optimum stocking levels, ordering policy, and network design (see Paterson et al., 2011) . A simplification considered by the pre 2011 studies is that a transshipment happens instantaneously in SPL, i.e., there is no transshipment lead-time. The recent studies by Axsäter (2014) , Olsson (2015) , and Yang et al. (2013) question this assumption and incorporate transshipment lead-time in their models. There are though few studies that take the time factor into account, be it the transshipment lead-time at a warehouse, or the total time to serve a customer.
As far as SPL is concerned, along with the fill-rate level, i.e., the percentage of demand satisfied from stock on hand, the time taken by a service provider to provide a service part is also important. To the best of our knowledge, there are only five studies that explicitly consider time-based service levels with inventory sharing. Considering a stylised system, Kutanoglu (2008) analyses the impact of stock level on service cost and the percentage of total demand met within certain time windows. Kutanoglu and Mahajan (2009) present a model to determine the minimum-cost stock levels at facilities considering system wide constraints on the percentage of demand that is met within certain time windows. Iyoob and Kutanoglu (2013) and Yang et al. (2013) present models with the objective similar to that of Kutanoglu and Mahajan (2009) while considering demand-facility allocation decision and stocks in replenishment pipeline respectively. Jalil et al. (2011) , adapting the model by Kutanoglu and Mahajan (2009) , analyse the planning performance in relation to the quality of installed-base data.
Though the studies described above consider time-based service levels, they do not consider different service time requirements within the customer-base. There is a dearth of literature that focuses on time-based differentiation amongst customers while also incorporating inventory sharing. The three studies to do so are by Kranenburg and van Houtum (2007 , 2008 ). These studies look at determining the optimal stock level that minimises the service cost while meeting the average waiting time target of each customer group. An important distinction is that these studies only consider customer waiting-times at warehouses. Hence, the alternate shipment is made to warehouses and not to customer locations. The travel distance and the time to reach customers are not considered, which can be important factors that determine whether the desired service level is achieved.
The research on inventory sharing in the context of SPL primarily focuses on inventory management in isolation of the customer location aspect in service availability. Studies that do incorporate this feature are limited because they do not differentiate between groups of customers and their service requirements. Moreover, the literature assumes an inventory-transportation cost trade-off wherein inventory sharing leads to a higher transportation cost and a lower inventory cost (Kutanoglu, 2008) . This cost trade-off is commonly either implicitly assumed or explicitly stated in inventory sharing literature. Examples of the SPL studies that assume this trade-off are Kranenburg and van Houtum (2007 , 2008 ), Kutanoglu (2008) , Kutanoglu and Mahajan (2009), Olsson (2015) and Yang et al. (2013) . There lacks an effort on understanding the nature of the inventory and transportation performance trade-off under inventory sharing.
System definition
In this section, we formally introduce the system and performance measurement assumptions on which the investigation is based. Consider a convex bounded plane in which customers with identical demand are uniformly distributed. The customers are supplied with service parts within two different service time commitments. The service that ensures supply within the shorter time window is referred to as the 'strict' service, while the other as the 'relaxed' service. Travelling distances inside the area are Euclidean and are proportional to time. The service time windows implicate the maximum distances, referred as 'service distance constraints', which can be travelled from a facility to provide a service. There exists a distribution system in the area comprising facilities which, considering the strict service distance constraint (relaxed service distance constraint being redundant), cover the entire area efficiently by being located in the middle of their catchment regions. A catchment region comprises all the points that are closer to the respective facility than to any other facility (i.e., a Voronoi cell). Each facility in the system operates a one-for-one (S-1, S) inventory policy, typically considered appropriate for service parts. Under this policy, S is kept as the base-stock level and a replenishment order is triggered as soon as a part is extracted from the inventory. Note that the Euclidean distance assumption is a common assumption for problem simplification. The works by Simchi-Levi (1992) and Drèze et al. (2008) are examples of service system studies that consider Euclidean distances and efficient service area packing with facilities located in the middle of their service areas.
Distribution strategies
A non-hierarchical system and a hierarchical system are studied as a decentralised and a centralised distribution alternate respectively (Figures 1 and 2 ). Under the decentralised (non-hierarchical) setup, each facility provides both strict and relaxed services in its catchment area (region comprising all locations that are closer to this facility than to any other facility). To set-up a centralised (hierarchical) system, a subset of facilities is designated as higher level facilities, which are just sufficient to cover the entire area considering the relaxed service distance constraint. Under this setup, all facilities provide the strict service, but, only the higher level facilities provide the relaxed service to achieve centralisation or demand consolidation. Facilities other than the higher level facilities are lower level facilities (only providing the strict service). A higher level facility has two service areas; a smaller service area where it provides both relaxed and strict services (Voronoi region considering all the facility points) and a larger service area where it provides only the relaxed service (Voronoi region only considering the higher level facility points). Note that centralisation is known to reduce the required inventory level at the cost of higher transportation costs due to increased average service distance. Our analysis confirms that, compared to the decentralised system, the inventory level under the centralised system is lower while the transportation level is higher. A centralised system can be considered favourable in situations where inventory costs dominate (see Jat and Muyldermans, 2013) .
Note that the service regions are polygonal while the service ranges are circular and inevitably overlap. The overlapping ranges provide opportunities for alternate service within a service time window.
Let the local facility for a service request be the nearest facility offering the requested service type. That is, under the centralised setup, in case of a relaxed service request, the local facility is the nearest higher-level facility, and, in the case of a strict service request, the local facility is the nearest facility, be it a higher or a lower level facility. Under the decentralised setup, for either a relaxed or a strict service request, the local facility is the nearest facility (as all facilities provide the full range of service options). Both centralised and decentralised setups are investigated with and without inventory sharing considering the following configurations:
• Non-sharing: A service request is only met by the local facility. In case of a stock-out at the local facility at the time of a request, the service request is back ordered. Hence, facilities only provide the service in associated Voronoi cells. This makes it fairly straightforward to estimate the average service distance and the service availability level as discussed later.
• Sharing: When a service request is registered, stocks are checked at the local facility providing the required service type. In case of a stock-out at the local facility, service can be met from the closest facility (higher-level or lower-level) with stocks in the distance range. If none of the facilities in the distance range has stocks at the time of the request, a backorder is recorded at the local facility. Hence, under the decentralised setup without inventory sharing, service by each facility is restricted within its Voronoi region (marked by straight lines in Figure 1 ). With inventory sharing under the decentralised setup, if a facility cannot fulfil a customer request within its Voronoi region, the customer can get the demand fulfilled from the nearest facility which has the stock and has the customer within the service range. Note that there is a limited opportunity for inventory sharing in cases of strict service requests, as the overlapping of the strict service ranges is small and only on the borders of the catchment areas. For the relaxed service requests, the inventory sharing opportunity is significantly more, as the relaxed service ranges are larger. For example, facility F 1 in Figure 1 covers large parts of the adjacent facilities' catchment areas under its range for the relaxed service.
Under the centralised setup with no inventory sharing, strict service requests are fulfilled by facilities only within their Voronoi regions considering all facility points, while relaxed service requests are fulfilled by higher level facilities only within their Voronoi regions considering the higher level facility points (marked by the dotted straight lines in Figure 2 ). For example, in Figure 2 , customers C 1 and C 2 can respectively get the strict and the relaxed service only from facility F 1 . With inventory sharing, F 2 can be an alternate facility for providing strict service to C 1 and relaxed service to C 2 . 
Performance measures
The distribution strategies are compared on the basis of the service availability and transportation levels measured in terms of the fill-rate and average service distance. The terms 'availability level' and 'fill-rate' are used interchangeably and refer to the percentage of demand met from stocks on hand. The term 'average service distance' refers to the average distance to reach a demand point.
Let, Note that T ri = T si and A ri = A si under the decentralised (non-hierarchical) setup.
T s average service distance for the strict service T r average service distance for the relaxed service.
Considering no inventory sharing, the base stock level at facility i (S i ) under the (S-1, S) policy with backorders can be determined considering the steady state probability of the quantity of units in resupply. Note that considering the Poisson demand process, there is a well-known relationship between stock-out probability and fill-rate under the (S-1, S) inventory policy (Muckstadt, 2005 (Muckstadt, , 2010 Zipkin, 2000) . Fill-rate at facility i is the probability that demand at the facility is less than S i over the lead time P(λ i < S i ).
where
is the unconditional probability that x units remain in the resupply at facility i and λ i is the sum of the relaxed and strict service demand faced by facility i. Due to demand being uniform in the area, under both centralised and decentralised systems with no inventory sharing, λ i equals to (1 ) , to zero. S i can be set through an iterative procedure, starting with S i = 1 and incrementing S i by 1 each time the fill-rate is found to be less than F r . Summing base stock levels at all facilities gives the total inventory (base-stock) in the system ( )
The overall average service distance can also be determined computationally when considering no inventory sharing. The average distance from facility i to reach a demand point for the relaxed service (T ri ) and to reach a demand point for the strict service (T si ), i.e., the average distance from facility i inside A ri and A si respectively, can be computed through the procedure outlined by Stone (1991) . The average service distance for the relaxed service in the overall area (T r ) can be determined as
is the proportion of demand for which the average service distance is T ri . Similarly, the average service distance for the strict service (T s ) can be determined as
The weighted average of T r and T s considering the fractions of demand for the strict and relaxed services then gives:
Note that equations (1) and (2) apply to both decentralised and centralised setups with no inventory sharing. In equation (1), λ i can represent demand at a facility in a decentralised or a centralised setup. Of course the value of λ i differs depending on whether facility i is a facility in a decentralised system, a higher level facility in a centralised system, or a lower level facility in a centralised system. Similarly, T r in equation (2) varies depending on whether the setup is decentralised or centralised. When considering inventory sharing between facilities, estimating fill-rates becomes challenging even with strict assumptions on maximum stock levels and the number of facilities in an inventory sharing pool (e.g., base-stock ≤ 1 and two sharing facilities) (Iyoob and Kutanoglu, 2013) . Under the considered settings, there can be several overlapping areas of different forms covered by multiple facilities, making the estimation of both fill-rates and average service distance complex. For this reason, discrete event simulations are run to estimate the performance measures. The scenarios are simulated with the starting inventory positions (base stock level at facilities) computed considering no inventory sharing (1).
The simulation model
Figures 3 and 4 present simulation flowcharts for the non-sharing and sharing configurations respectively.
Inter-arrival times between two requests are generated according to the exponential distribution. The type of service requested is randomly determined considering the proportions of demand for both service types. Demand locations (x and y coordinates in the overall area) are generated considering the uniform distribution such that there is an equal probability of any point in the plane being selected. Service availability levels at each facility and the overall average service distance are recorded as the model's performance measures.
Let R i be the number of service requests received at facility i, and b i be the number of instances in which a service request at facility i is backordered. The service availability level at facility i is then equal to 1 -(b i / R i ).
If d j is the Euclidean distance between the location from where the service request j is registered and the location of facility from where the request is met, such that j = 1 … k (k being the total number of requests), then the overall average service distance equals to (Σd j ) / k. The simulation model is implemented through a program coded in C++. Each facility is represented as an object, storing information about its x and y coordinates on the plane, base stock level, current stock level, number of requests received at the facility, number of requests not fulfilled by the facility from stock on hand (denial counter), and orders in the pipeline and their arrival times (order list). To verify that the program components perform as anticipated, information stored in the variables and the data members of interest are observed for a process walkthrough. Under the non-sharing configuration, comparison of simulation and computational results also provides a verification of the model's performance. Common random numbers are used as a variance reduction technique to compare the alternative system configurations. The configurations (sharing and non-sharing) are simulated in a sequence. Before starting the simulation runs for each configuration, the random number streams are reinitialised so that same random numbers are generated for each configuration. As a result, under each configuration, the sequence of service request arrival times and the associated service types and demand locations are the same. This provides more confidence that any observed differences in the performance are due to the differences in the system configuration rather than due to the fluctuations of the experimental conditions. 
Analysis
As with most simulation models, a number of parameters need to be estimated to perform the analysis. We are not aware that a variation in the following experimental settings will change the conclusions. The overall area is considered to be a unit square defined by corner points (0, 0), (0, 1), (1, 1) and (1, 0) , with a distribution system with nine facilities. The Voronoi diagram generated by these facility points is a regular square packing, with the facilities located at the centre of their respective regions ( Figure 5 ). Note that squares are one of the three regular polygons (others being hexagons and triangles) that can tile a plane to provide a complete coverage. A square partitioning provides a simple setup. As noted by Lösch (1954) , a seminal contributor to regional science, as a region, square is better than triangle, not much inferior to the hexagon, and has an added advantage of simply drawn boundaries.
The strict service distance constraint is considered to be the maximum distance inside these catchment areas, i.e., approximately 0.236 unit length. Under the decentralised setup, all of the facilities provide both strict and relaxed services within these catchment areas. The relaxed service distance constraint is considered to be twice the strict service distance constraint, i.e., 0.472 unit length. The SPL system that we have studied and those reported in literature provide service time options such that the ratio between the service times is 1/2. With this ratio between the strict and relaxed service times, a hierarchy of facilities and service areas can be setup by designating the first and the last facilities in the top and bottom rows of the facilities as higher-level ( Figure 6 ). The resulting service areas for the relaxed service have the maximum distance that is twice that of the strict service distance constraint. The following results are based on the overall demand of four parts per day, one-day replenishment lead-time, and the minimum service availability level (fill-rate) as 95%. These parameter values are reasonable estimates in view of the UK SPL systems of IBM and Fujitsu. Similar results are found when 25 facilities are considered with square partitioning of the area and when the demand rate is considered to be three parts per day. One simulation is run for six years (the average life cycle of products reported by the case companies) and simulations are run 100 times for each set of service availability and average service distance performance measures. Increasing the number of runs does not change the outputs significantly. For example, in the following experiments, increasing the runs from 100 to 150 provides the same overall fill-rate at three decimal places and the same average distance at four decimal places. The output is presented in the Appendix, which also shows that the simulation results with the non-sharing configuration (entries under 'Fr N-S ' and 'AD N-S ') closely match the computational results (entries under 'Fr' and 'AD') . Note that the base-stock level at a facility (S in Tables A1 and A3 in Appendix) is set considering the total demand in the facility's service area (λ in Tables A1 and A3) and the above mentioned minimum service availability level (95%). Also, note that the demand, and hence the base stock level, is the same at each facility in the decentralised system, as all facilities serve in equal service areas for both service types. In the centralised system, where only the higher level facilities serve the relaxed service demand, with the increase in (l-f), more demand gets consolidated at the higher level facilities while the demand at lower level facilities reduces (see Tables A1 and A3) .
Figures 7 and 8 show the service availability levels and the average service distances under the decentralised setup. Under the decentralised setup with the sharing configuration, an increase in the demand fraction for the relaxed service increases both service availability level and the average service distance (Figures 7 and 8 ). Inventory sharing in this case can allow a reduction in the total stock in the system from 27 (three units at each facility (Table A1) to 18 (two units at each facility) while still meeting the minimum availability level of 95%; a 33% reduction in the total inventory. Note that without inventory sharing, the service availability level at all facilities is uniform because all facilities face equal demand and have the same base stock level. It can also be observed that the highest increase in the service availability level due to inventory sharing is at facility five, which has the highest number of neighbouring facilities [Figures 7(a) , 7(c), 7(e) and 7(g)].
Figures 9(a)-9(h) present the performance measures under the centralised setup. The output again shows that the sharing configuration results in higher service availability levels compared to the non-sharing configuration. The sharing configuration has greater impact on the higher-level facilities (facilities 1, 3, 7 and 9) in terms of service availability. Because the higher-level facilities provide the relaxed service, having larger service radius, there is more opportunity for an alternate service for demand at these facilities. The output also shows that the sharing configuration can even result in an improved average service distance performance [Figures 9(f) and 9(h)]. With the sharing configuration under the centralised setup, in case of a stock-out when a strict service request is received, compared to the local facility, an alternate facility to meet the demand is at a longer distance. However, in case of a stock-out when a relaxed service request is received, the first alternative to meet the demand is a lower level facility, which is likely to be at a shorter distance from the demand point than the higher-level facility originally assigned to meet the request (Figure 10 ). With a higher demand fraction for the relaxed service, the shorter distances to meet the relaxed service requests from alternate facilities can offset the longer distances for alternative service for the strict service requests. Hence with a higher fraction of demand for the relaxed service, the alternate services for the relaxed service requests can not only positively impact the service availability levels, but also reduce the average service distance. 
Conclusions
Characteristically, inventory sharing among facilities should positively impact on the availability level while increasing the transportation cost as sharing results in shipments from non-local facilities. This is confirmed under the decentralised (non-hierarchical) setup, where a higher fraction of demand for the service in the longer time window increases the inventory sharing opportunity, which in turn increases the service availability levels and the average distance to serve demand. The analysis highlights that considering a uniform transportation cost for an alternate service in an inventory sharing system may be a strict assumption. The cost depends on the distance from where an alternate supply arrives, and, when the fraction of demand for the relaxed service becomes higher, the overall transportation cost due to inventory sharing increases. The case of sharing under the centralised setup on the other hand does not reveal a clear trade-off between the service availability and average service distance performances. Under the centralised setup, sharing can perform better in terms of both service availability and average service distance performance measures when the demand fraction for the service in the longer time window is high.
Though based on basic settings, the work in this paper has critically examined the notion of inventory and transportation performance trade-off and has provided some novel insights. The following managerial insights for time-differentiated distribution systems can be derived from the analysis:
• If a distribution system is setup as decentralised owing to the transportation costs dominating the inventory costs, introducing an inventory sharing mechanism can result in higher overall costs due to an increase in average service distance.
• If a distribution system is setup as centralised due to inventory costs being dominating and the fraction of demand for the service in the longer time window is high, an inventory sharing mechanism can not only increase the service availability level (allowing stock reduction) but also reduce the average service distance. 
Centralised setup

